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MODULAR REPRESENTATIONS AND BRANCHING RULES FOR
WREATH HECKE ALGEBRAS
JINKUI WAN AND WEIQIANG WANG
Abstract. We introduce a generalization of degenerate affine Hecke algebra, called
wreath Hecke algebra, associated to an arbitrary finite group G. The simple modules of
the wreath Hecke algebra and of its associated cyclotomic algebras are classified over an
algebraically closed field of any characteristic p ≥ 0. The modular branching rules for
these algebras are obtained, and when p does not divide the order of G, they are further
identified with crystal graphs of integrable modules for quantum affine algebras. The
key is to establish an equivalence between a module category of the (cyclotomic) wreath
Hecke algebra and its suitable counterpart for the degenerate affine Hecke algebra.
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1. Introduction
1.1. The modular branching rules for the symmetric groups Sn over an algebraically
closed field F of characteristic p were obtained by Kleshchev [K1]. Subsequently, the
branching graph of Kleshchev was interpreted by Lascoux, Leclerc, and Thibon as the
crystal graph of the basic representation of the quantum affine algebra Uq(ŝlp). Further
connections [LLT] between (affine or cyclotomic) Hecke algebras of type A at the ℓth
roots of unity and Kashiwara-Lusztig crystal basis for integrable Uq(ŝlℓ)-modules have
been systematically developed by Ariki and Grojnowski from viewpoints complementary
(if perhaps not complimentary) to each other [Ar, Gro] (also cf. [Br1, GV, OV]). A parallel
version for degenerate affine Hecke algebra Hn (introduced by Drinfeld [Dr] and Lusztig
[Lus]) is formulated in Kleshchev’s book [K2], where the symmetric group algebra appears
as a minimal cyclotomic quotient algebra of Hn. We refer to [K2] for more references and
historical remarks.
Partially supported by NSF grant DMS–0800280.
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1.2. The goal of this paper is to introduce the wreath Hecke algebra Hn(G) associated
to an arbitrary finite group G, and to develop its representation theory over the field F
of characteristic p ≥ 0. When G is trivial, Hn(G) specializes to the degenerate affine
Hecke algebra Hn. The main results of this paper include the classification of the simple
Hn(G)-modules, the modular branching rule for Hn(G), and its interpretation via crystal
graphs of quantum affine algebras.
The modular representations of the spin analogue of the wreath Hecke algebra in the
sense of spin symmetric group (cf. [K2, Part II]) will be treated in a separate paper.
1.3. The representation theory of wreath products Gn = G
n⋊Sn over C is known to be
largely controlled by infinite-dimensional Lie algebras [W1, W2, Ze]. Our introduction of
the wreath Hecke algebra Hn(G) in Section 2 was motivated by the desire to study the
modular representations of wreath products over F. In the wreath Hecke algebra, the role
of Sn is played by the wreath product Gn. Moreover, there exists a canonical surjective
algebra homomorphism from Hn(G) to the group algebra FGn, where the polynomial
generators are mapped to the generalized Jucys-Murphy elements in FGn (introduced
independently in [Pu] and [W2] with different applications).
The wreath Hecke algebra also arises naturally (cf. [Wan]) in the centralizer construc-
tion of wreath products in the sense of Molev-Olshanski. For a cyclic group G = Cr,
the algebra Hn(Cr) appeared in Ram and Shepler [RS] in their search of degenerate
(=graded) Hecke algebras associated to complex reflection groups. Our results on repre-
sentation theory are new in this case even when the characteristic of F is zero.
We establish the PBW basis of Hn(G) and identify the center for Hn(G) in Section 2.
1.4. Our study of representation theory of Hn(G) is built on an equivalence between
the Hn(G)-module category (or rather a certain full subcategory if p divides the order
|G| of the group G) and the module category of an algebra which is a direct sum of
certain products of degenerate affine Hecke algebras of smaller ranks. This is achieved in
Section 3.
As a first application of the above category equivalence, the classification of finite
dimensional simple Hn(G)-modules is obtained in Section 4 by a reduction to the known
classification of simple modules for Hn (cf. [K2]). As a second application, we establish
the modular branching rule for Hn(G) a` la Kleshchev. That is, we describe explicitly the
socle of the restriction of a simple Hn(G)-module to a subalgebra Hn−1,1(G), and hence
to the subalgebra Hn−1(G) (see Section 4 for precise statement and notation).
In Section 5, we formulate the cyclotomic wreath Hecke algebras Hλn(G) as a family of
finite dimensional quotient algebras of Hn(G). In particular, the wreath product group
algebra FGn appears as the minimal cyclotomic wreath Hecke algebra. Just as in the
degenerate affine Hecke algebra case, much of the representation theory of Hn(G) (e.g.
the classification of simple modules and branching rules) is reduced to that for the cy-
clotomic wreath Hecke algebras. We establish an equivalence between (a distinguished
full subcategory of) the module category of a cyclotomic wreath Hecke algebra and the
module category of a certain variant of the degenerate cyclotomic Hecke algebras.
Now let us assume that p is prime to |G|. The ratio of |G| by the degree of a simple
G-module (which is known to be an integer) modulo p has come to play a significant
role. The classification of blocks for a cyclotomic wreath Hecke algebra is reduced to its
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degenerate cyclotomic counterpart in Brundan [Br2] (a q-analogue was due to Lyle and
Mathas). For p > 0, we define an action of an affine Lie algebra g (which is a direct
sum of copies of ŝlp) on the direct sum of the Grothendieck groups of H
λ
n(G)-modules
for all n and further show that the resulting representation is irreducible and integrable.
The modular branching rules for Hλn(G) are now controlled by the crystal graph of the
integrable representation of the corresponding quantum affine algebra Uq(g). A similar
but somewhat more cumbersome description is available also for p = 0.
1.5. Acknowledgments. This work will form a part of the dissertation of the first au-
thor at University of Virginia. The second author thanks Zongzhu Lin for a stimulating
discussion in 2003 on modular representations of wreath products.
The second author communicated to S. Ariki during his visit at Virginia in 2004 that the
modular representation theory of the degenerate affine Hecke algebra could be generalized
to the wreath product setup. We thank Aaron Phillips (who briefly participated in the
project at an early stage) and Ariki for their interests. When keeping Ariki updated in
March 2008 on the completion of our project, we learned that in the meantime his student
Tsuchioka has independently worked out the modular branching rules for wreath products
in some recent paper (see our Proposition 4.12 and Remark 5.17), and Tsuchioka has also
been obtaining results on a variant of wreath Hecke algebras which overlap significantly
with our paper. Unaware of the reference [Pu] which Tsuchioka pointed out to us, the
first author has worked out a wreath product generalization of [OV] using [W2].
2. Definition and properties of the wreath Hecke algebra
2.1. The p-regular conjugacy classes of wreath products. Let G be a finite group,
and let G∗ denote the set of all conjugacy classes of G. The symmetric group Sn acts
on the product group Gn = G × · · · × G by permutations: wg := w(g1, . . . , gn) =
(gw−1(1), . . . , gw−1(n)) for any g = (g1, . . . , gn) ∈ G
n and w ∈ Sn. The wreath product
of G with Sn is defined to be the semidirect product
Gn = G
n ⋊ Sn = {(g,w)|g = (g1, . . . , gn) ∈ G
n, w ∈ Sn}
with the multiplication (g,w)(h, τ) = (g · wh,wτ).
Let λ = (λ1, . . . , λl) be a partition of integer |λ| = λ1+· · ·+λl, where λ1 ≥ · · · ≥ λl ≥ 1.
We will also write a partition as λ = (1m12m2 · · · ), where mi is the number of parts in λ
equal to i.
We will use partitions indexed by G∗. For a finite set X and ρ = (ρ(x))x∈X a family
of partitions indexed by X, we write
‖ρ‖ =
∑
x∈X
|ρ(x)|.
Sometimes it is convenient to regard ρ = (ρ(x))x∈X as a partition-valued function on X.
We denote by P(X) the set of all partitions indexed by X and by Pn(X) the set of all
partitions in P(X) such that ‖ρ‖ = n.
The conjugacy classes of Gn can be described as follows. Let x = (g, σ) ∈ Gn, where
g = (g1, . . . , gn) ∈ G
n, σ ∈ Sn. The permutation σ is written as a product of disjoint
cycles. For each such cycle y = (i1i2 · · · ik) the element gikgik−1 · · · gi1 ∈ G is determined
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up to conjugacy in G by g and y, and will be called the cycle-product of g corresponding to
the cycle y. For any conjugacy class C and each integer i ≥ 1, the number of i-cycles in σ
such that the corresponding cycle-product of g lies in C will be denoted by mi(C). Denote
by ρ(C) the partition (1m1(C)2m2(C) . . .), C ∈ G∗. Then each element x = (g, σ) ∈ Gn
gives rise to a partition-valued function (ρ(C))C∈G∗ ∈ P(G∗) such that
∑
i,C imi(C) = n.
The partition-valued function ρ = (ρ(C))C∈G∗ is called the type of x. It is known (cf.
[Mac]) that any two elements of Gn are conjugate in Gn if and only if they have the same
type.
Denote by Gp∗ the set of conjugacy classes of G whose elements have order prime to p.
Proposition 2.1. There is a natural bijection between the set (Gn)p∗ and the set
{ρ = (ρ(C))C∈Gp∗ | ‖ρ‖ = n, ρ(C) has no part divisible by p}.
Proof. For a given a = (g, σ) ∈ Gn with g = (g1, . . . , gn) ∈ G
n and σ ∈ Sn, clearly the
order o(σ) of σ divides the order o(a) of a. Set d = o(σ). Let us assume p ∤ d. Then
ad = (g · σg · · · σ
d−1
g, 1). (2.1)
Fix an index i with 1 ≤ i ≤ n. Let us take a cycle of σ, say y = (i1i2 . . . ik), where
ik = i. One has k | d. Then y(gij ) = gij−1 for 1 < j ≤ k. So the ik-th factor of the n-tuple
(g · σg · · · σ
d−1
g) equals (gikgik−1 · · · gi1)
d/k. Note gcd(d/k, p) = 1. Thus, the order of ad,
which equals the order of (g · σg · · · σ
d−1
g) by (2.1), is prime to p if and only if the cycle
product gikgik−1 · · · gi1 lies in Gp∗ for every cycle y. 
Corollary 2.2. Let q be an indeterminate. We have
∞∑
n=0
|(Gn)p∗|q
n =
∞∏
m=1
p∤m
(
1
1− qm
)|Gp∗|
.
2.2. Definition of wreath Hecke algebras. Let F be an algebraically closed field of
characteristic p and let FGn be the group algebra of the wreath product Gn. For each
g ∈ G and 1 ≤ i ≤ n, let g(i) ∈ Gn correspond to g in the i-th factor subgroup of Gn.
Recall that the (generalized) Jucys-Murphy elements ξk ∈ FGn(1 ≤ k ≤ n) are introduced
independently in [Pu] and [W2] as follows:
ξk :=
∑
1≤i<k
∑
g∈G
(
g(i)(g−1)(k), (i, k)
)
.
If G = {1}, then Gn = Sn, and the ξk become the usual Jucys-Murphy elements [Ju, Mu].
Recall that Sn is generated by the simple reflections s1, . . . , sn−1. Denote
tij =
∑
h∈G
h(i)(h−1)(j) ∈ FGn, 1 ≤ i < j ≤ n. (2.2)
The following proposition follows by a direct computation.
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Proposition 2.3. The following identities hold in the group algebra FGn:
ξiξj = ξjξi, 1 ≤ i, j ≤ n,
gξi = ξig, g ∈ G
n, 1 ≤ i ≤ n,
siξi = ξi+1si − ti,i+1, 1 ≤ i ≤ n− 1,
siξj = ξjsi, j 6= i, i+ 1.
Let Pn = F[x1, . . . , xn] be the algebra of polynomials in x1, . . . , xn. For each α =
(α1, . . . , αn) ∈ Zn+, set x
α = xα11 · · · x
αn
n . The symmetric group Sn acts as automorphisms
on Pn by permutation. Let us denote this action by f 7→
wf for w ∈ Sn and f ∈ Pn.
Then we have w(xα) = xwα, where wα = (αw−11, . . . , αw−1n) for α = (α1, . . . , αn) ∈ Z
n
+
and w ∈ Sn.
Definition 2.4. The wreath Hecke algebra Hn(G) is an associative algebra over F gener-
ated by Gn, s1, . . . , sn−1 and x1, . . . , xn subject to the following relations:
xixj = xjxi, 1 ≤ i, j ≤ n,
xig = gxi, g ∈ G
n, 1 ≤ i ≤ n, (2.3)
s2i = 1, sisj = sjsi, sisi+1si = si+1sisi+1, |i− j| > 1, (2.4)
sixi = xi+1si − ti,i+1, (2.5)
sixj = xjsi, j 6= i, i+ 1, (2.6)
sig =
sig si, g ∈ G
n, 1 ≤ i ≤ n− 1. (2.7)
Remark 2.5. By Proposition 2.3, we have a surjective algebra homomorphism fromHn(G)
to FGn, which is an extension of the identity map of FGn and sends each xk to ξk for
1 ≤ k ≤ n. This was our original motivation for the definition of Hn(G). For n = 2, the
algebra H2(G) can also be found in [Pu, Section 3].
For a cyclic group G = Cr, the algebra Hn(Cr) also appeared in [RS]. Moreover, it is
observed [De] that Hn(Cr) appears naturally as a subalgebra of the symplectic reflection
algebra of Etingof-Ginzburg associated to the complex reflection group G(r, 1, n). It will
be interesting to see if Hn(G) associated to a general finite subgroup G of SL2(C) is
related to symplectic reflection algebras.
If G = {1} is the trivial group, then Hn(G) = Hn, the degenerate affine Hecke algebra
for Sn [K1, Chapter 3], where (2.5) is replaced by the relation
sixi = xi+1si − u (2.8)
with u = 1. We shall denote by 0Hn the algebra Pn ⋊ FSn, i.e., the degenerate affine
Hecke algebra with u = 0.
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Lemma 2.6. For f ∈ Pn, g ∈ G
n, and 1 ≤ i ≤ n − 1, the following identities hold in
Hn(G):
siti,i+1 = ti,i+1si, (2.9)
sixi+1 = xisi + ti,i+1, (2.10)
sigf =
sig
(
sifsi + ti,i+1
f − sif
xi+1 − xi
)
, (2.11)
ti,i+1g =
sig ti,i+1. (2.12)
Proof. The equation (2.9) follows from the identity sig
(i)(g−1)(i+1) = (g−1)(i)g(i+1)si,
while (2.10) follows from (2.4), (2.5) and (2.9). The equation (2.11) is deduced by induc-
tion on the degree of the polynomial f .
The equation (2.12) is reduced to the case n = 2 and i = 1, and hence a computation
in FG2. Indeed, t12(h1, h2) =
∑
h∈G(hh1, h
−1h2) =
∑
g∈G(h2g, h1g
−1) = (h2, h1)t12 for
any h1, h2 ∈ G, where we have used a substitution g = h
−1
2 hh1. 
2.3. The PBW basis for Hn(G). The following lemma follows from (2.11).
Lemma 2.7. Let xα ∈ Pn, w ∈ Sn, g = (g1, . . . , gn) ∈ G
n, where α = (α1, . . . , αn) ∈ Zn+,
and denote the Bruhat ordering on Sn by ≤. Then in Hn(G) we have
wgxα = (wg)xwαw +
∑
u<w
gufuu, gx
αw = w(w
−1
g)xw
−1α +
∑
u<w
ug′uf
′
u
for some fu, f
′
u ∈ Pn of degrees less than the degree of x
α and gu, g
′
u ∈ FG
n.
Theorem 2.8. The multiplication of algebras induces an isomorphism of vector spaces:
Pn ⊗ FG
n ⊗ FSn −→ Hn(G).
That is, the elements {xαgw| α ∈ Zn+, g ∈ G
n, w ∈ Sn} form a linear basis for Hn(G)
(which is called the PBW basis).
Proof. It follows easily from Lemma 2.7 that Hn(G) is spanned by the elements x
αgw for
α ∈ Zn+, g ∈ G
n, w ∈ Sn. Note that {h⊗ y
α| h ∈ Gn, α ∈ Zn+} forms a basis for the vector
space FGn ⊗F F[y1, y2, . . . , yn]. We can verify by a direct yet lengthy computation that
FGn ⊗F F[y1, y2, . . . , yn] is an Hn(G)-module via
xi ◦ (h⊗ y
α) = h⊗ yiy
α, 1 ≤ i ≤ n,
g ◦ (h⊗ yα) = gh⊗ yα, g ∈ Gn,
sj ◦ (h⊗ y
α) = sjh⊗ ysjα + (sjh)tj,j+1 ⊗
yα − ysjα
yj+1 − yj
, 1 ≤ j ≤ n− 1.
In the process of verification, the following identities in Hn(G) for 1 ≤ i ≤ n−2 are used:
ti,i+2ti+1,i+2 = ti,i+1ti,i+2 = ti+1,i+2ti,i+1,
ti,i+1ti+1,i+2 = ti,i+2ti,i+1 = ti+1,i+2ti,i+2,
ti+1,i+2ti,i+2ti,i+1 = ti,i+1ti,i+2ti+1,i+2.
WREATH HECKE ALGEBRAS 7
To see that the elements xαgw are linearly independent, it suffices to show that they act
by linearly independent linear operators on FGn ⊗F F[y1, y2, . . . , yn]. This is clear if we
consider the action on an element of the form yN1 y
2N
2 · · · y
nN
n for N ≫ 0. 
By Theorem 2.8, we can from now on identify Pn, FGn,FSn and FGn with the cor-
responding subalgebras of Hn(G). Let Pn(G) be the subalgebra generated by G
n and
x1, . . . , xn, then
Pn(G) ∼= FG
n ⊗ Pn.
Also, ifm ≤ n, we regardHm(G) as the subalgebra ofHn(G) generated by G
m, x1, . . . , xm
and s1, . . . , sm−1.
2.4. The center of Hn(G). We start with a preparatory lemma.
Lemma 2.9. The center of Hn(G) is contained in the subalgebra Pn(G).
Proof. Take a central element z =
∑
w∈Sn
zww ∈ Hn(G), where zw =
∑
dg,αgx
α ∈ Pn(G).
Let τ be maximal with respect to the Bruhat order such that zτ 6= 0. Assume τ 6= 1.
Then there exists i ∈ {1, 2, . . . , n} with τ(i) 6= i. Then by Lemma 2.7,
xiz − zxi = zτ (xi − xτi)τ +
∑
ag,α,wgx
αw,
where the sum is over g ∈ Gn, xα ∈ Pn and w ∈ Sn with w  τ in the Bruhat order.
So, by Theorem 2.8, zτ = 0 which is a contradiction. Hence, we must have τ = 1 and
z ∈ Pn(G). 
Let G∗ = {C1, . . . , Cs} denote the set of all conjugacy classes of G. We set
I = {i = (i1, . . . , in) | 1 ≤ i1, . . . , in ≤ s}
with an Sn-action given by σi = (iσ−11, . . . , iσ−1n) for σ ∈ Sn. Then the set (G
n)∗ of
conjugacy classes of Gn is
Ci := {g = (g1, . . . , gn) | gk ∈ Cik , 1 ≤ k ≤ n}, i ∈ I.
We shall denote the class sum
Ci :=
∑
g∈Ci
g ∈ FGn ⊂ Hn(G).
By Lemma 2.9, a central element z of Hn(G) is of the form z =
∑
g∈Gn,α∈Zn+
dg,αgx
α,
where dg,α ∈ F. It follows from hxα = xαh and hz = zh that dg,α = dhgh−1,α for all
g, h ∈ Gn. Hence, z can be written as
z =
∑
i∈I,α∈Zn+
di,αx
αCi, di,α ∈ F. (2.13)
Theorem 2.10. The center of Hn(G) consists of elements of the form (2.13) whose
coefficients di,α are Sn-invariant, i.e., dwi,wα = di,α for all w ∈ Sn, i ∈ I, and α ∈ Zn+.
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Proof. Take a central element z ∈ Hn(G) of the form (2.13). Applying (2.11), we get
s1z =
∑
i,α
di,α(x
s1α)(s1Ci)s1 +
∑
i,α
di,αt12
xα − xs1α
x2 − x1
Ci .
By Theorem 2.8, s1z = zs1 (or rather s1zs1 = z) is equivalent to identities (2.14)-(2.15):∑
i,α
di,α(x
s1α)(s1Ci) =
∑
i,α
di,αx
αCi (=: z), (2.14)
∑
i,α
di,αt12
xα − xs1α
x2 − x1
Ci = 0. (2.15)
We claim that (2.14) implies (2.15). Indeed, assuming (2.14) we obtain that
t12z = zt12 since z is central,
=
∑
i,α
di,α(x
s1α)(s1Ci)t12 by (2.14),
= t12
∑
i,α
di,α(x
s1α)Ci by (2.3) and (2.12).
This is a variant of (2.15) with the denominator cleared.
Note now that (2.14) holds if and only if ds1i,s1α = di,α. Applying the same procedure
to skz = zsk, we obtain that dski,skα = di,α and hence dwi,wα = di,α for any w ∈ Sn.
Reversing the above arguments, an element z ∈ Hn(G) of the form (2.13) satisfying
the Sn-invariant property dwi,wα = di,α is indeed central. 
Remark 2.11. By Theorem 2.10, the center of Hn(G) contains the ring Λn of symmetric
polynomials in x1, . . . , xn. Hence by Theorem 2.8 the algebra Hn(G) is finitely generated
as a module over its center, which implies that every simple Hn(G)-module is finite-
dimensional.
3. An equivalence of module categories
In this section, we establish a key category equivalence which relates the wreath Hecke
algebra to degenerate affine Hecke algebras.
3.1. A useful lemma. LetG∗ = {V1, . . . , Vr} be a complete set of pairwise non-isomorphic
finite dimensional simple FG-modules, and set
dimFVk = dk, 1 ≤ k ≤ r.
It is know by elementary Clifford theory that the FG2-module V ⊗2k affords a simple FG2-
module by letting s1 = (1 2) act as the operator P which permutes the two tensor factors.
Also, for 1 ≤ k 6= l ≤ r, indFG2
FG2
(Vk⊗Vl) = Vk⊗Vl⊕Vl⊗Vk is a simple FG2-module where
(1 2) acts as the permuting operator P .
Lemma 3.1. Retain the above notations. Then,
(1) t12 = 0 when acting on a simple FG2-module Vk ⊗ Vl for 1 ≤ k 6= l ≤ r.
(2) t12 = ckP when acting on the FG2-module V
⊗2
k , where the scalar ck ∈ F satisfies
dkck = |G| in F.
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Proof. Note that the Jucys-Murphy element ξ2 =
∑
g∈G((g, g
−1), (1 2)) is central in FG2.
By Schur’s Lemma, ξ2 acts on the simple FG2-modules V
⊗2
k and ind
FG2
FG2
(Vk⊗Vl) as scalars.
On indFG2
FG2
(Vk ⊗ Vl), ξ2 maps the subspace Vk ⊗ Vl to the subspace Vl ⊗ Vk, and hence ξ2
acts as zero. Then, t12 = (1 2)ξ2 acts as zero on ind
FG2
FG2
(Vk ⊗ Vl), and hence as zero on
Vk ⊗ Vl. This proves (1).
Assume that ξ2 acts on V
⊗2
k as a scalar ck. Then on one hand, the trace of ξ2 on V
⊗2
k
is d2kck, and on the other hand, it is also equal to |G| · Tr|V ⊗2
k
(1 2) since ((g, g−1), (12)) is
conjugate to (12) in G2 for each g ∈ G. Note that Tr|V ⊗2
k
(1 2) = dk since (12) acts as the
permutation operator P . Therefore we have
d2kck = |G| · Tr|V ⊗2
k
(1 2) = dk|G|,
which is equivalent to dkck = |G|. Now (2) follows by noting again t12 = (1 2)ξ2. 
Remark 3.2. If p is prime to |G| then ck = |G|/dk ∈ I − {0}. However when p divides
|G| it is possible that ck = 0 (e.g. for the trivial module). It is also possible that dk does
not divide |G| (in this case ck = 0 too). Let p = 7 and G = SL(2,F7), which is of order
6 · 7 · 8. An irreducible FG-module Vm of dimension m, for each 1 ≤ m < 7, is given by
the F-vector space of homogeneous polynomials of degree m − 1 in two variables. This
example is kindly provided by L. Scott.
Clearly, {Vi1 ⊗ · · · ⊗ Vin |1 ≤ i1, . . . , in ≤ r} forms a complete set of pairwise non-
isomorphic simple FGn-modules. Denote by Pkl the operator on Vi1 ⊗ · · · ⊗ Vin which
permutes the kth and lth factors. Recall the definition of tkl from (2.2).
Corollary 3.3. On Vi1 ⊗ · · ·⊗Vin , tkl acts as cikPkl if ik = il; otherwise tkl acts as zero.
3.2. Structure of Hn(G)-modules. Set
I := Z · 1 ⊂ F.
That is, I = {0, 1, . . . , p− 1} for p > 0 and I = Z for p = 0.
For an algebra R, we denote by R-mod the category of finite dimensional left R-
modules. Denote by Hn(G)-mod
s the full subcategory of Hn(G)-mod consisting of finite
dimensionalHn(G)-modules which are semisimple when restricted to the subalgebra FGn.
Denote the set of r-tuple compositions of n by
Crn := {n̂ = (n1, . . . , nr) | n1, . . . , nr ∈ Z+, n1 + · · ·+ nr = n}.
For each n̂ ∈ Crn, let V (n̂) = V
⊗n1
1 ⊗· · ·⊗V
⊗nr
r be the corresponding simple FG
n-module.
Moreover, denote by Sbn = Sn1 × · · · × Snr be the corresponding Young subgroup of Sn
and let Θ(n̂) be a complete set of representatives of left cosets of Sbn in Sn.
DefineHbn(G) to be the subalgebra of Hn(G) generated by G
n, x1, . . . , xn and Sbn. Then
Hbn(G) ∼= Hn1(G)⊗Hn2(G)⊗ · · · ⊗Hnr(G).
For G = {1}, we drop G and denote Hbn = Hbn(G). We denote by Hbn(G)-mod
s the full
subcategory of Hbn(G)-mod consisting of finite dimensional Hbn(G)-modules which are
semisimple when restricted to the subalgebra FGn.
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For M ∈ Hn(G)-mod
s, let IbnM be the isotypical subspace of V (n̂) in M , that is, the
sum of all simple FGn-submodule of M isomorphic to V (n̂). Denote
Mbn :=
∑
π∈Sn
π(IbnM).
Lemma 3.4. Let n̂ ∈ Crn and M ∈ Hn(G)-mod
s. Then, IbnM is an Hbn(G)-submodule
and Mbn is an Hn(G)-submodule of M . Moreover, Mbn ∼= ind
Hn(G)
Hbn(G)
(IbnM).
Proof. Being commutative with FGn, each xi maps a simple FGn-submodule of M either
to zero or to an isomorphic copy. Hence IbnM is invariant under the action of the subal-
gebra Pn. Since each π ∈ Sbn maps a simple FGn-submodule of M isomorphic to V (n̂)
to another isomorphic one, IbnM is invariant under the action of Sbn. Hence IbnM is an
Hbn(G)-submodule, since Hbn(G) is generated by FGn, Pn and Sbn.
It then follows from definition that Mbn is an Hn(G)-submodule of M .
We have a nonzero Hn(G)-homomorphism φ : ind
Hn(G)
Hbn(G)
IbnM →Mbn by Frobenius reci-
procity. Observe that
Mbn =
∑
π∈Sn
π(IbnM) =
⊕
τ∈Θ(bn)
τ(IbnM).
Hence φ is surjective, and then an isomorphism by a dimension counting argument. 
Lemma 3.5. We have the following decomposition in Hn(G)-mod
s:
M =
⊕
bn∈Crn
Mbn.
Proof. Let M ∈ Hn(G)-mod
s. By definition, as an FGn-module M is semisimple. Ob-
serve that eachMbn is the direct sum of those isotypical components of simple FGn-modules
which contain exactly ni tensor factors isomorphic to Vi for 1 ≤ i ≤ r. Now the lemma
follows. 
3.3. Algebras Abn,r versus Hbn(G). We define the following algebras
An,r =
⊕
bn∈Crn
Abn,r, Abn,r =
c1Hn1 ⊗ · · · ⊗
crHnr , (3.1)
where, for 1 ≤ k ≤ r, we denote
ckHnk =
{
Hnk , if ck 6= 0
0Hnk , if ck = 0.
Below, we shall denote the polynomial generators in Hn and in An,r by y1, . . . , yn to
distinguish from x1, . . . , xn in Hn(G).
For each n̂ ∈ Crn, let us denote by lk the unique integer such that n1+ · · ·+nlk−1+1 ≤
k ≤ n1 + · · ·+ nlk , for each 1 ≤ k ≤ n.
WREATH HECKE ALGEBRAS 11
Proposition 3.6. Let n̂ ∈ Crn and N ∈ Hbn(G)-mod
s. Then HomFGn(V (n̂), N) is an
Abn,r-module by letting
(π ⋄ φ)(v1 ⊗ · · · ⊗ vn) = πφ(vπ(1) ⊗ · · · ⊗ vπ(n)),
(yk ⋄ φ)(v1 ⊗ · · · ⊗ vn) =
{
1
clk
xkφ(v1 ⊗ · · · ⊗ vn), if clk 6= 0,
xkφ(v1 ⊗ · · · ⊗ vn), if clk = 0.
for π ∈ Sbn, v1 ⊗ · · · ⊗ vn ∈ V (n̂), φ ∈ HomFGn(V (n̂), N) and 1 ≤ k ≤ n. Hence,
HomFGn(V (n̂),−) is a functor from Hbn(G)-mod
s to Abn,r-mod.
Proof. Let us first show that π ⋄ φ is an FGn-homomorphism (and skip a similar proof
that yk ⋄ φ is FGn-homomorphism). Indeed, for g = (g1, . . . , gn) ∈ Gn,
(π ⋄ φ)(g(v1 ⊗ · · · ⊗ vn)) = πφ(gπ(1)vπ(1) ⊗ · · · ⊗ gπ(n)vπ(n))
= π((gπ(1), . . . , gπ(n))φ(vπ(1) ⊗ · · · ⊗ vπ(n)))
= (g1, . . . , gn)πφ(vπ(1) ⊗ · · · ⊗ vπ(n)))
= g((π ⋄ φ)(v1 ⊗ · · · ⊗ vn)).
Take 1 ≤ k ≤ r such that k 6= n1, n1 + n2, . . . , n1 + n2 + · · ·+ nr−1. By Corollary 3.3,
tk,k+1(v1 ⊗ · · · ⊗ vn) = clk(v1 ⊗ · · · ⊗ vk−1 ⊗ vk+1 ⊗ vk ⊗ · · · ⊗ vn).
By definition,
((yksk) ⋄ φ)(v1 ⊗ · · · ⊗ vn) =
{
xk
clk
skφ(v1 ⊗ · · · ⊗ vk+1 ⊗ vk ⊗ · · · vn), if clk 6= 0
xkskφ(v1 ⊗ · · · ⊗ vk+1 ⊗ vk ⊗ · · · vn), if clk = 0,
(skyk+1) ⋄ φ)(v1 ⊗ · · · ⊗ vn) =
{
sk
xk+1
clk+1
φ(v1 ⊗ · · · ⊗ vk+1 ⊗ vk ⊗ · · · vn), if clk 6= 0
skxk+1φ(v1 ⊗ · · · ⊗ vk+1 ⊗ vk ⊗ · · · vn), if clk = 0.
The above computations together with (2.5) now imply that yksk = skyk+1 − 1 if clk 6= 0
and yksk = skyk+1 if clk = 0.
The other relations for the Abn,r-module structure on HomFGn(V (n̂), N) are clear. 
Proposition 3.7. Let N be an Abn,r-module. Then V (n̂)⊗N is an Hbn(G)-module via
g ∗ (v1 ⊗ v2 · · · ⊗ vn ⊗ z) = g(v1 ⊗ v2 · · · ⊗ vn)⊗ z,
π ∗ (v1 ⊗ v2 · · · ⊗ vn ⊗ z) = vπ−11 ⊗ vπ−12 ⊗ · · · ⊗ vπ−1r ⊗ πz,
xk ∗ (v1 ⊗ v2 · · · ⊗ vn ⊗ z) =
{
clkv1 ⊗ v2 · · · ⊗ vn ⊗ ykz, if clk 6= 0
v1 ⊗ v2 · · · ⊗ vn ⊗ ykz, if clk = 0,
for g ∈ Gn, π ∈ Sbn, 1 ≤ k ≤ n, v1 ⊗ · · · ⊗ vn ∈ V (n̂), and z ∈ N .
There exists an isomorphism of Abn,r-modules Φ : N → HomFGn(V (n̂), V (n̂)⊗N) given
by Φ(z)(v) = v⊗ z. Moreover, V (n̂)⊗N is a simple Hbn(G)-module if and only if N is a
simple Abn,r-module.
Proof. It is straightforward to verify that V (n̂)⊗N is an Hbn(G)-module as given above.
Clearly Φ is a well-defined injective Abn,r-homomorphism. On the other hand, observe
that as an FGn-module, V (n̂)⊗N is isomorphic to a direct sum of copies of V (n̂). Thus
Φ is an isomorphism by a dimension comparison.
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Suppose that V (n̂) ⊗ N is a simple Hbn(G)-module and E is a Abn,r-submodule of
N . Then V (n̂) ⊗ E is a Hbn(G)-submodule of V (n̂) ⊗ N , which implies E = N . Con-
versely, suppose that N is a simple Abn,r-module and M is a nonzero Hbn(G)-submodule
of V (n̂) ⊗ N . Then by Proposition 3.6, HomFGn(V (n̂),M) is a nonzero Abn,r-submodule
of HomFGn(V (n̂), V (n̂)⊗N) ∼= N , which is simple. Hence HomFGn(V (n̂),M) ∼= N . Since
M as an FGn-module is isomorphic to a direct sum of copies of V (n̂), M = V (n̂)⊗N by
a dimensional counting argument. 
3.4. An equivalence of categories.
Proposition 3.8. Let M ∈ Hn(G)-mod
s. Then
Ψ : V (n̂)⊗ HomFGn(V (n̂), IbnM) −→ IbnM,
v1 ⊗ · · · ⊗ vn ⊗ ψ 7→ ψ(v1 ⊗ · · · ⊗ vn)
defines an isomorphism of Hbn(G)-modules.
Proof. By Lemma 3.4, IbnM is an Hbn(G)-module. It follows from Propositions 3.6 and
3.7 that V (n̂)⊗HomFGn(V (n̂), IbnM) is an Hbn(G)-module.
It can be easily checked that Ψ is an Hbn(G)-homomorphism. Since as an FGn-module
IbnM is isomorphic to a direct sum of copies of V (n̂), Ψ is surjective and hence an isomor-
phism by a dimension counting argument. 
We are now ready to prove the first main result of this paper.
Theorem 3.9. The functor F : Hn(G)-mod
s → An,r-mod defined by
F(M) =
⊕
bn∈Crn
HomFGn(V (n̂), IbnM)
is a category equivalence, with inverse G : An,r-mod→ Hn(G)-mod
s given by
G(⊕bn∈CrnUbn) =
⊕
bn∈Crn
ind
Hn(G)
Hbn(G)
(V (n̂)⊗ Ubn).
Proof. Note that the map Φ in Proposition 3.7 is natural in N and Ψ in Proposition 3.8
is natural in M . Now using Lemma 3.4, Propositions 3.6, 3.7 and 3.8, one easily checks
that FG ∼= id and GF ∼= id. 
Remark 3.10. Assume that p does not divide the order of G. Then, every finite dimen-
sional Hn(G)-module M is semisimple when restricted to FGn, and hence Hn(G)-mods
coincides with Hn(G)-mod. Moreover ck = |G|/dk ∈ I − {0} for each 1 ≤ k ≤ r, and
hence Abn,r ∼= Hbn. Now Theorem 3.9 states that the wreath Hecke algebra Hn(G) is
Morita equivalent to the algebra
⊕
bn∈Crn
Hbn.
4. Classification of simple modules and modular branching rules
We present two applications of the above category equivalence in this section. We shall
classify all finite dimensional simpleHn(G)-modules, and establish the modular branching
rule for the wreath Hecke algebra Hn(G) which provides a description of the socle of the
restriction to Hn−1,1(G) of a simple Hn(G)-module.
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4.1. The simple 0Hn-modules. Denote by
0Hλ the subalgebra of
0Hn for any com-
position λ of n, in the same way as Hbn ⊂ Hn. It is well known that the simple FSn-
modules, denoted by Dµ, are parameterized by p-regular partitions µ of n (cf. [JK,
Corollary 6.1.12]). By letting each xi acting as a scalar a ∈ F, we can extend an Sn-
module W to an 0Hn-module, which shall be denoted by Wa. The classification of simple
modules of the algebra 0Hn = Pn ⋊ FSn over F is easily obtained by Clifford theory as
follows.
Proposition 4.1. Each simple 0Hn-module is isomorphic to a module Da,µ of the form
Da,µ = ind
0Hn
0Hbµ
(Dµ
1
a1 ⊗ · · · ⊗D
µt
at ) (4.1)
where a1, . . . , at are distinct scalars in F, and µ1, . . . , µt are p-regular partitions such that
µ̂ = (|µ1|, . . . , |µt|) is a composition of n for some t > 0. Moreover, the above modules
for varied (ai, µ
i) form a complete set of pairwise non-isomorphic simple 0Hn-modules.
4.2. The simple Hn(G)-modules.
Proposition 4.2. Suppose that M is a simple Hn(G)-module. Then, as an FGn-module
M is semisimple.
Proof. Take a simple Pn(G)-submodule V (a) of M which, thanks to Pn(G) ∼= FGn ⊗ Pn,
restricts to a simple FGn-submodule V ∼= Vi1 ⊗ · · · ⊗ Vin with each xj acting as aj for
a = (a1, . . . , an) ∈ Fn. It follows that M1 :=
∑
π∈Sn
πV is an Hn(G)-submodule of M ,
and hence M1 = M since M is simple. Since each πV is a simple FGn-module, M as an
FGn-module is semisimple. 
Corollary 4.3. The categories Hn(G)-mod
s and Hn(G)-mod share the same class of
simple modules.
Theorem 4.4. Each simple Hn(G)-module is isomorphic to a module of the form
Dbn(L) := ind
Hn(G)
Hbn(G)
(V ⊗n11 ⊗ L1)⊗ · · · ⊗ (V
⊗nr
r ⊗ Lr) (4.2)
where n̂ = (n1, . . . , nr) ∈ C
r
n and Lk (1 ≤ k ≤ r) is a simple
ckHnk -module. Moreover,
the above modules for varied n̂ and Lk (1 ≤ k ≤ r) form a complete set of pairwise
non-isomorphic simple Hn(G)-modules.
Proof. By Corollary 4.3, each simpleHn(G)-module lies in the subcategoryHn(G)-mod
s.
Now the theorem follows by the category equivalence given in Theorem 3.9. 
Remark 4.5. Together with Proposition 4.1, Theorem 4.4 provides a complete classifica-
tion of simple Hn(G)-modules.
4.3. Modular branching rules for Hn. Recall that the degenerate affine Hecke algebra
Hn is generated by Sn and y1, . . . , yn. Let N ∈ Hn-mod and a ∈ F. Define ∆aN
to be the generalized a-eigenspace of yn on N . Since yn is central in the subalgebra
Hn−1,1
∼= Hn−1 ⊗H1 of Hn, ∆aN is an Hn−1,1-submodule of resHn−1,1N . Define
eaN := res
Hn−1,1
Hn−1
(∆aN).
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Then,
resHn−1N =
⊕
a∈F
eaN. (4.3)
Denote the socle of the Hn−1-module eaN by
e˜aN := soc(eaN).
The following modular branching rule for Hn is a degenerate version of a result of
Grojnowski-Vazirani [GV].
Proposition 4.6. [K2, Cor. 5.1.7, 5.1.8] Let N be a simple Hn-module and a ∈ F. Then
either e˜aN = 0 or e˜aN is simple. Moreover, the socle of res
Hn
Hn−1
N is multiplicity-free.
4.4. Modular branching rules for 0Hn. As above, for N ∈
0Hn-mod and a ∈ F, the
generalized a-eigenspace of yn on N , denoted also by ∆aN , is an
0Hn−1,1-submodule of
res0Hn−1,1N . Then, res0Hn−1N = ⊕a∈FeaN where eaN := res0Hn−1(∆aN). Denote the
socle of the 0Hn−1-module eaN by e˜aN := soc(eaN). We denote by
n̂−i = (n1, . . . , ni − 1, . . . , nt), n̂
+
i = (n1, . . . , ni + 1, . . . , nt) (4.4)
the compositions of n∓ 1 associated to a composition n̂ = (n1, . . . , nt) of n for 1 ≤ i ≤ t.
(It is understood that the terms involving n̂−i disappear for those i with ni = 0.)
The modular branching rules for 0Hn are described as follows.
Proposition 4.7. The socle of the restriction of a simple 0Hn-module Da,µ in (4.1) to
0Hn−1 is multiplicity-free:
soc(res0Hn−1Da,µ)
∼=
t⊕
i=1
ind
0Hn
0Hbµi
(
Dµ
1
a1 ⊗ · · · ⊗ soc(resS|µi|−1D
µi)ai ⊗ · · · ⊗D
µt
at
)
.
Equivalently, e˜a(res0Hn−1Da,µ) = 0 unless a = ai for some 1 ≤ i ≤ t, and
e˜ai(res0Hn−1Da,µ)
∼= ind
0Hn
0Hbµi
(
Dµ
1
a1 ⊗ · · · ⊗ soc(resS|µi|−1D
µi)ai ⊗ · · · ⊗D
µt
at
)
.
Proof. A version of Mackey Lemma gives us
res0Hn−1Da,µ
∼=
t⊕
i=1
ind
0
Hn
0Hbµi
(
Dµ
1
a1 ⊗ · · · ⊗ (resS|µi|−1D
µi)ai ⊗ · · · ⊗D
µt
at
)
.
(See the proof of Lemma 4.10 below for a similar argument.) Now the proposition follows
from finding the socles of both sides of the above isomorphism. 
Remark 4.8. According to [K1] and [K2, Chapter 9], for a p-regular partition µ of n, the
Sn−1-module soc(resSn−1D
µ) has an explicit multiplicity-free decomposition according to
the eigenvalues in I of the nth Jucys-Murphy element.
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4.5. Modular branching rules for Hn(G). We start with a preparatory result.
Proposition 4.9. Let n̂ = (n1, . . . , nr) ∈ C
r
n and Lk (1 ≤ k ≤ r) be a
ckHnk-module.
Then,
ind
Hn(G)
Hbn(G)
(V ⊗n11 ⊗ L1)⊗ · · · ⊗ (V
⊗nr
r ⊗ Lr)
∼= ind
Hn(G)
Hbnτ (G)
(V
⊗nτ(1)
τ(1) ⊗ Lτ(1))⊗ · · · ⊗ (V
⊗nτ(r)
τ(r) ⊗ Lτ(r)),
where n̂τ = (nτ(1), . . . , nτ(r)) for any τ ∈ Sr.
Proof. Let us denote the left-hand-side and the right-hand side of the isomorphism in the
Proposition by L and R respectively. By Theorem 3.9, it suffices to show that F(L) ∼= F(R).
Indeed, for n̂ 6= m̂ ∈ Crn, HomFGn(V (m̂), I bmL) = HomFGn(V (m̂), I bmR) = 0 (actually
I bmL = I bmR = 0.) Also, HomFGn(V (n̂), IbnL) ∼= L1 ⊗ · · · ⊗ Lr ∼= HomFGn(V (n̂), IbnR). This
proves the proposition. 
Let us denote by Hn−1,1(G) the subalgebra of Hn(G) generated by G
n, x1, . . . , xn and
Sn−1. Then Hn−1,1(G) ∼= Hn−1(G) ⊗H1(G). We shall extend the notation for Dbn(L),
see (4.2), to the case when Lk are not necessarily simple modules. The following can be
regarded as a variant of Mackey’s lemma.
Lemma 4.10. Let n̂ = (n1, . . . , nr) ∈ C
r
n and Lk (1 ≤ k ≤ r) be a
ckHnk -module. Then,
resHn−1,1(G)Dbn(L)
∼=
⊕
a∈F,1≤k≤r
D
bn−
k
(eaL)⊗ (Vk ⊗ L(a)), (4.5)
where D
bn−
k
(eaL) denotes the Hn−1(G)-module
ind
Hn−1(G)
H
bn
−
k
(G)
(
(V ⊗n11 ⊗ L1)⊗ · · · ⊗ (V
⊗nk−1
k ⊗ eaLk)⊗ · · · ⊗ (V
⊗nr
r ⊗ Lr)
)
.
Proof. It can be easily checked that D
bn−r
(eaL)⊗ (Vr ⊗ L(a)) is a Hn−1,1(G)-submodule
of resHn−1,1(G)Dbn(L) for all a ∈ F by Mackey’s Lemma. (It is understood that we
take the biggest k satisfying nk 6= 0 if nr = 0.) Then Proposition 4.9 implies that
D
bn−
k
(eaL) ⊗ (Vk ⊗ L(a)) is Hn−1,1(G)-submodule of resHn−1,1(G)Dbn(L) for each a ∈ F
and 1 ≤ k ≤ r, and hence we have∑
a∈F,1≤k≤r
D
bn−
k
(eaL)⊗ (Vk ⊗ L(a)) ⊆ resHn−1,1(G)Dbn(L).
Since Vk⊗L(a) are pairwise non-isomorphic simple H1(G)-modules for distinct (k, a), the
above sum is a direct sum and then (4.5) follows by a dimensional counting argument. 
We are now ready to establish the modular branching rules for Hn(G).
Theorem 4.11. Retain the notation of the simple Hn(G)-module Dbn(L) in (4.2). Then,
soc
(
resHn−1,1(G)Dbn(L)
)
∼=
⊕
a∈F,1≤k≤r
D
bn−
k
(e˜aL)⊗ (Vk ⊗ L(a)),
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where D
bn−
k
(e˜aL) denotes the semisimple Hn−1(G)-module
ind
Hn−1(G)
H
bn
−
k
(G)
(
(V ⊗n11 ⊗ L1)⊗ · · · ⊗ (V
⊗nk−1
k ⊗ e˜aLk)⊗ · · · ⊗ (V
⊗nr
r ⊗ Lr)
)
.
Proof. Follows from Lemma 4.10 by observing that the socle of the Hn−1(G)-module
D
bn−
k
(eaL) is Dbn−
k
(e˜aL). 
4.6. Modular branching rules for Gn. Let us denote by Gbn = Gn1×· · ·×Gnr the sub-
groups of the wreath product Gn for n̂ = (n1, . . . , nr) ∈ C
r
n. Recall [JK, Theorem 4.3.34]
that a simple Gn-module is isomorphic to
Dµ

bn = ind
Gn
Gbn
(
(V ⊗n11 ⊗D
µ1)⊗ · · · ⊗ (V ⊗nrr ⊗D
µr)
)
where µ1, . . . , µr are p-regular partitions with n̂ = (|µ1|, . . . , |µr|) ∈ Crn. The proof of the
following modular branching rules for wreath products is similar to Proposition 4.7 and
Theorem 4.11 and will be skipped.
Proposition 4.12. Retain notations above. Then the socle of resGn−1,1D
µ
bn is isomorphic
to
⊕
1≤k≤rD
soc(µ)
bn−
k
⊗ Vk, where D
soc(µ)
bn−
k
denotes the semisimple Gn−1-module
ind
Gn−1
G
bn
−
k
(
(V ⊗n11 ⊗D
µ1)⊗ · · · ⊗ (V ⊗nk−1k ⊗ soc(resSnk−1D
µk))⊗ · · · ⊗ (V ⊗nrr ⊗D
µr)
)
.
5. Cyclotomic wreath Hecke algebras and crystals
5.1. A block decomposition. We shall construct a decomposition of a module M in
Hn(G)-mod
s, similar to [K2, Section 4.1, 4.2]. For any a = (a1, . . . , an) ∈ Fn, let Ma
be the simultaneous generalized eigenspace of M for the commuting operators x1, . . . , xn
with eigenvalues a1, . . . , an. Then as a Pn-module, we have
M =
⊕
a∈Fn
Ma.
A given a ∈ Fn defines a 1-dimensional representation of the algebra Λn of symmetric
polynomials in x1, . . . , xn:
ωa : Λn → F, f(x1, . . . , xn) = f(a1, . . . , an).
Write a ∼ b if they lie in the same Sn-orbit. Observe that a ∼ b if and only if ωa = ωb.
For each orbit γ ∈ Fn/ ∼, we set ωγ := ωa for any a ∈ γ. Let
M [γ] = {v ∈M |(z − ωγ(z))
Nv = 0 for all z ∈ Λn and N ≫ 0}.
Then we have
M [γ] =
⊕
a∈γ
Ma.
Since Λn is contained in the center of Hn(G) by Theorem 2.10, M [γ] is an Hn(G)-module
and we have the following decomposition in Hn(G)-mod
s:
M =
⊕
γ∈Fn/∼
M [γ]. (5.1)
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By (5.1) and recalling the decomposition in Lemma 3.5, we define, for n̂ ∈ Crn and γ ∈
Fn/ ∼, that
M [n̂, γ] :=Mbn ∩M [γ].
Since x1, . . . , xn commute with G
n, it follows that M [n̂, γ] = (Mbn)[γ] = (M [γ])bn. Then
we have the following decomposition in Hn(G)-mod
s:
M =
⊕
bn∈Crn,γ∈F
n/∼
M [n̂, γ]. (5.2)
This gives us a block decomposition of Hn(G)-mod
s by applying Theorem 3.9 and the
well known block decomposition for Hn (and a simpler one for
0Hn).
5.2. The cyclotomic wreath Hecke algebras. Recall scalars ck ∈ F from Lemma 3.1.
In the remainder of this section we assume that ck ∈ I for all 1 ≤ k ≤ r (see
however Remark 5.14 on the general case). Note that the assumption is automatically
satisfied if p does not divide the order of G, since ck = |G|/dk by Lemma 3.1.
An Hn(G)-module is called integral if it is finite dimensional and all eigenvalues of
x1, . . . , xn onM belong to I. Denote byHn(G)-modI the full subcategory ofHn(G)-mod
s
consisting of all integral Hn(G)-modules which are semisimple over the subalgebra FGn.
It is known [K2, Section 7.1] that the study of simple modules for the degenerate affine
Hecke algebra Hn reduces to those of integral simple Hn-modules (the case of
0Hn is
similar and simpler). Then by Theorem 3.9 and Corollary 4.3, to study simple Hn(G)-
modules, it suffices to study simple objects in Hn(G)-modI.
Introduce the intertwining elements:
Ωi := si(xi − xi+1) + ti,i+1, 1 ≤ i ≤ n− 1.
Lemma 5.1. The following identities hold in Hn(G):
Ω2i = t
2
i,i+1 − (xi − xi+1)
2 (5.3)
Ωixi = xi+1Ωi, Ωixi+1 = xiΩi, Ωixj = xjΩi, j 6= i, i+ 1. (5.4)
Proof. By (2.5) and (2.9), we calculate that
Ω2i = si(xi − xi+1)si(xi − xi+1) + 2ti,i+1si(xi − xi+1) + t
2
i,i+1
= (xi+1 − xi − 2siti,i+1)(xi − xi+1) + 2ti,i+1si(xi − xi+1) + t
2
i,i+1
= t2i,i+1 − (xi − xi+1)
2.
Also,
Ωixi = sixi(xi − xi+1) + xiti,i+1 = xi+1si(xi − xi+1)− ti,i+1(xi − xi+1) + xiti,i+1
= xi+1si(xi − xi+1) + ti,i+1xi+1 = xi+1Ωi.
Similarly, we have Ωixi+1 = xiΩi. For j 6= i, i+1, sixj = xjsi, and hence Ωixj = xjΩi. 
Lemma 5.2. Let M ∈ Hn(G)-mod
s and fix j with 1 ≤ j ≤ n. Assume that all eigen-
values of xj on M belong to I. Then M is integral.
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Proof. It suffices to show that the eigenvalues of xk belong to I if and only if the eigenvalues
of xk+1 belong to I, for 1 ≤ k ≤ n − 1. By Corollary 3.3, Lemma 3.4 and Lemma 3.5, it
is enough to focus on the subspaces IbnM for all n̂ = (n1, . . . , nr) ∈ C
r
n. Assume that all
eigenvalues of xk on IbnM belong to I. Let a be an eigenvalue for the action of xk+1 on
IbnM . Since xk and xk+1 commute, we can pick v lying in the a-eigenspace of xk+1 so that
v is also an eigenvector of xk, of eigenvalue b. By assumption we have b ∈ I. By (5.4), we
have xkΩk = Ωkxk+1. So if Ωkv 6= 0, then xkΩkv = aΩkv, hence a is an eigenvalue of xk,
and so a ∈ I. Else, Ωkv = 0, then applying (5.3), we have (b− a)2v = t2k,k+1v. Since IbnM
is isomorphic to the direct sum of copies V ⊗n11 ⊗ · · · ⊗ V
⊗nr
r , by Corollary 3.3, t
2
kv = 0 or
t2kv = c
2
lk
v. Thus a = b or a = b ± clk . Similarly, we can show that all eigenvalues of xk
on IbnM belong to I if assuming all eigenvalues of xk+1 on IbnM belong to I. 
Set
∆ = {λ = (λi)i∈I|λi ∈ Z+, and only finitely many λi are nonzero}.
Let
gλ ≡ gλ(x1) =
∏
i∈I
(x1 − i)
λi . (5.5)
The cyclotomic wreath Hecke algebra is defined to be the quotient algebra by the two-sided
ideal Jλ of Hn(G) generated by gλ:
Hλn(G) = Hn(G)/Jλ, λ ∈ ∆. (5.6)
Remark 5.3. In the case G = {1}, Hλn(G) coincides with degenerate cyclotomic Hecke
algebra Hλn (see [K2, Section 7.3]).
Lemma 5.4. Let M ∈ Hn(G)-mod
s. Then M is integral if and only if JλM = 0 for
some λ ∈ ∆.
Proof. If JλM = 0, then the eigenvalues of x1 onM are all in I, and henceM is integral in
view of Lemma 5.2. Conversely, suppose M is integral. Then the minimal polynomial of
x1 on M is of the form
∏
i∈I(t− i)
λi for some λi ∈ Z+. So if we set Jλ to be the two-sided
ideal of Hn(G) generated by
∏
i∈I(x1 − i)
λi , we certainly have that JλM = 0. 
We shall denote by Hλn(G)-mod
s the full subcategory of Hλn(G)-mod consisting of
finite-dimensional Hn(G)-modules which are semisimple when restricted to FGn. By
inflation along the canonical homomorphism Hn(G) → H
λ
n(G), we can identify H
λ
n(G)-
mod (resp. Hλn(G)-mod
s) with the full subcategory ofHn(G)-mod (resp. Hn(G)-mod
s)
consisting of all modules M with JλM = 0. By Lemma 5.4, to study modules in the
category Hn(G)-modI, we may instead study modules in the categories H
λ
n(G)-mod
s for
all λ ∈ ∆.
Our subalgebra FGn of Hn(G) plays an analogous role as the subalgebra FSn of Hn. It
turns out that all the lemmas in [K2, Section 7.5] used to prove the PBW basis theorem
for the degenerate cyclotomic Hecke algebras remain valid if we replace FSn there by FGn.
So we have the following.
Proposition 5.5. Let d =
∑
i∈I λi. The elements
{xαπg | α ∈ Zn+ with α1, . . . , αn < d, π ∈ Sn, g ∈ G
n}
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form a basis for Hλn(G).
Remark 5.6. For nonzero λ, FGn is a subalgebra of Hλn(G). In particular, for Λ0 = (λi)i∈I
with λ0 = 1 and λi = 0 for i 6= 0, we have H
Λ0
n (G)
∼= FGn.
Corollary 5.7. The subalgebra of Hλn(G) generated by x1, . . . , xn−1, π ∈ Sn−1, g ∈ G
n is
isomorphic to Hλn−1(G)×G.
5.3. The functors eλ
i,χk
and fλ
i,χk
. In view of (5.2), we have the following decomposition
in Hn(G)-modI:
M =
⊕
bn∈Crn,γ∈I
n/∼
M [n̂, γ].
Set Γn to be the set of non-negative integral linear combinations γ =
∑
i∈I γiεi of the
standard basis εi of Z|I| such that
∑
i∈I γi = n. If a ∈ I
n, define its content to be
cont(a) =
∑
i∈I
γiεi ∈ Γn, where γi = #{j = 1, . . . , n|aj = i}.
The content function induces a canonical bijection between In/ ∼ and Γn, and we will
identify the two sets. Now the above decomposition in Hn(G)-modI can be written as
M =
⊕
bn∈Crn,γ∈Γn
M [n̂, γ]. (5.7)
Such a decomposition also makes sense in the category Hλn(G)-mod
s.
Definition 5.8. Suppose thatM ∈ Hλn(G)-mod
s and thatM =M [n̂, γ] for some n̂ ∈ Crn
and γ ∈ Γn. We define (see (4.4) for notations)
eλi,χkM =
{
HomG(Vk, resHλn−1(G)×G
M)[n̂−k , γ − εick ], if ck 6= 0
HomG(Vk, resHλn−1(G)×G
M)[n̂−k , γ − εi], if ck = 0,
fλi,χkM =
 (ind
Hλn+1(G)
Hλn(G)×G
(M ⊗ Vk))[n̂
+
k , γ + εick ], if ck 6= 0
(ind
Hλn+1(G)
Hλn(G)×G
(M ⊗ Vk))[n̂
+
k , γ + εi], if ck = 0.
We extend eλ
i,χk
(resp. fλ
i,χk
) to functors from Hλn(G)-mod
s to Hλn−1(G)-mod
s(resp.
from Hλn(G)-mod
s to Hλn+1(G)-mod
s) by the direct sum decomposition (5.7).
Remark 5.9. If G = {1} is the trivial group, the functors eλ
i,χk
and fλ
i,χk
(with the index
χk dropped) coincide with the ones eλi and f
λ
i defined in [K1, Section 8.1].
5.4. An equivalence of categories. Let S′n−1 be the subgroup of Sn generated by
s2, . . . , sn−1. The following lemma follows from [Ze, Proposition A.3.2] which describes
the double cosets S′n−1 \ Sn/Sbn. For each n̂ = (n1, . . . , nr) ∈ C
r
n and 1 ≤ k ≤ r, set
n̂1··k = n1 + · · · + nk.
Lemma 5.10. Retain the above notations. Then there exists a complete set Θ(n̂) of
representatives of left cosets of Sbn in Sn such that any w ∈ Θ(n̂) is of the form σ(1, n̂1··k+
1) for some σ ∈ S′n−1 and 0 ≤ k ≤ r − 1. (It is understood that (1, n̂1··k + 1) = 1 when
k = 0.)
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Note that (1,m+1) = sm · · · s2s1s2 · · · sm. The next lemma follows from (2.5) and the
identity ti,jsj = sjti,j+1 for 1 ≤ i < j ≤ n− 1 in Hn(G).
Lemma 5.11. The following equation holds in Hn(G) for 0 ≤ k ≤ r − 1:
x1(1, n̂1··k + 1) = (1, n̂1··k + 1)xbn1··k+1
−
bn1··k∑
l=1
sbn1··k · · · s2s1s2 · · · ŝl · · · sbn1··ktl,bn1··k+1.
Now assume that p > 0. Let {αi|i ∈ I} be the simple roots of the complex affine Lie
algebra ŝlp and {hi|i ∈ I} be the corresponding simple coroots. Let P+ be the set of all
dominant integral weights. Recall in [K2, Section 8.1] for each µ ∈ P+, the degenerate
cyclotomic Hecke algebra is
Hµn = Hn/〈
∏
i∈I
(y1 − i)
〈hi,µ〉〉.
For λ ∈ ∆ and 1 ≤ k ≤ r, define λ[k] ∈ P+ by letting
〈hi, λ[k]〉 = λick , ∀i ∈ I.
Further denote the algebra
Aλn,r =
⊕
bn=(n1,...,nr)∈Crn
Hλ[1]n1 ⊗ · · · ⊗H
λ[r]
nr . (5.8)
Theorem 5.12. Assume that p > 0 and p does not divide |G|. Then the functor F in
Theorem 3.9 induces a category equivalence Fλ : Hλn(G)-mod −→ A
λ
n,r-mod.
Proof. Recall the definition of gλ and Jλ, see (5.6). The category H
λ
n(G)-mod can be
identified with the full subcategory of Hn(G)-mod consisting of all modules M with
JλM = 0. In view of Lemma 3.5, JλM = 0 if and only if JλMbn = 0 for each n̂ ∈ C
r
n. By
Lemma 3.4 and Proposition 3.8, we have
Mbn = ind
Hn(G)
Hbn(G)
IbnM, IbnM ∼= V (n̂)⊗F HomFGn(V (n̂), IbnM).
As vector spaces, we have
Mbn =
⊕
w∈Θ(bn)
w ⊗ IbnM.
By Lemma 5.10, for each w ∈ Θ(n̂), there exists σ ∈ S′n−1 such that w = σ(1, n̂1··k+1) for
some 0 ≤ k ≤ r− 1. So gλw = gλσ(1, n̂1··k+1) = σgλ(1, n̂1··k+1). Note that tl,bn1··k+1 = 0
on IbnM for 1 ≤ l ≤ n̂1··k, so
x1(1, n̂1··k + 1)⊗ z = (1, n̂1··k + 1)⊗ xbn1··k+1z
for z ∈ IbnM by Lemma 5.11, and thus gλw ⊗ z = σ(1, n̂1··k + 1)⊗ gλ,kz, where
gλ,k :=
∏
i∈I
(xbn1··k+1 − i)
λi .
Therefore gλMbn = 0 if and only if gλ,kIbnM = 0 for 0 ≤ k ≤ r − 1. By Propositions 3.7
and 3.8, gλ,k acts as zero on IbnM if and only if
∏
i∈I(ckybn1··k+1 − i)
λi acts as zero on
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HomFGn(V (n̂), IbnM), that is,
∏
i∈I(ybn1··k+1−i)
〈hi,λ[k]〉 acts on zero on HomFGn(V (n̂), IbnM)
since 1ck I = I if p > 0. Therefore gλM = 0 if and only if HomFGn(V (n̂), IbnM) ∈ A
λ
n,r-mod
for each n̂ ∈ Crn as desired. 
Remark 5.13. The blocks of the degenerate cyclotomic Hecke algebras are classified by
the Sn-orbits of the n-tuple eigenvalues of x1, . . . , xn [Br2]. By the Morita equivalence in
Theorem 5.12, (5.7) provides us a block decomposition in Hλn(G)-mod when p does not
divide |G|.
Remark 5.14. The assumption that p does not divide |G| in Theorem 5.12 is imposed
merely for avoiding complicated notations. We can drop it and also the assumption
that ck(1 ≤ k ≤ r) are integral (compare Theorem 3.9) with the same proof, if we
replace Hλn-mod by H
λ
n-mod
s and modify suitably the definition (5.8) of the algebra
Aλn,r. The modified algebra A
λ
n,r might admit non-integral degenerate cyclotomic Hecke
algebras as its tensor factors, since now possibly ck 6∈ I (non-integral simple modules
and modular branching rules of degenerate affine or cyclotomic Hecke algebras can be
reduced to integral cases, cf. [K2, Section 7.1]). In addition, some quotient algebras of
0Hn (corresponding to the cases when ck = 0) will appear as tensor factors of A
λ
n,r.
The remaining case when p = 0 can also be handled similarly with somewhat more
involved notations, see Remark 5.18 below.
5.5. A crystal graph interpretation. For this subsection, we shall impose the stronger
assumption that p does not divide |G|.
We assume in addition that p > 0 except that in Remark 5.18 below we deal with the
remaining case for p = 0.
Denote by K(A) the Grothendieck group of a module category A and by Irr(A) the
set of pairwise non-isomorphic simple objects in A. For µ ∈ P+, let
K(µ) =
⊕
n≥0
K (Hµn-mod) , K(µ)C = C⊗Z K(µ).
Besides the functors eµi and f
µ
i (cf. Remark 5.3), we recall two additional operators e˜
µ
i
and f˜µi on
∐
n≥0 Irr(H
µ
n-mod) by letting e˜
µ
i L = soc(e
µ
i L) and f˜
µ
i L = head(f
µ
i L) for each
simple Hµn-module L, cf. [K2, Section 8.2].
Denote by L(µ) the irreducible highest weight ŝlp-module of highest weight µ ∈ P+.
The following is a degenerate counterpart of [LLT, Ar, Gro].
Proposition 5.15. [K2, Theorem 9.5.1] Let µ ∈ P+. Then K(µ)C is an ŝlp-module with
the Chevalley generators acting as eµi and f
µ
i (i ∈ I); as ŝlp-modules, K(µ)C
∼= L(µ).
Moreover,
∐
n≥0 Irr(H
µ
n-mod) is isomorphic to the crystal basis B(µ) of Uq(ŝlp)-module
L(µ) with operators e˜µi and f˜
µ
i identified as Kashiwara operators.
For λ ∈ ∆, let
KG(λ) =
⊕
n≥0
K
(
Hλn(G)-mod
)
.
The functors eλ
i,χk
and fλ
i,χk
for i ∈ I and 1 ≤ k ≤ r induce linear operators (denoted by the
same notations) on KG(λ)C := C ⊗Z KG(λ). The category equivalence in Theorem 5.12
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induces a canonical linear isomorphism
F λ : KG(λ)
∼=
−→ K(λ[1]) ⊗ · · · ⊗K(λ[r]). (5.9)
We shall identifyHλn(G)-mod with a full subcategory of Hn(G)-mod. By Lemma 4.10,
the functor eλ
i,χk
corresponds via F λ to e
λ[k]
i applied to the k-th factor on the right-hand
side of (5.9). By Frobenius reciprocity, fλ
i,χk
is left adjoint to eλ
i,χk
and f
λ[k]
i is left adjoint
to e
λ[k]
i , hence f
λ
i,χk
corresponds to f
λ[k]
i applied to the k-th factor on the right-hand side
of (5.9). With the identification of Hλn(G)-mod with a full subcategory of Hn(G)-mod,
Theorem 4.11 implies the modular branching rules for Hλn(G). Combining these with
Theorem 5.12 and Proposition 5.15 we have established the following.
Theorem 5.16. Let p > 0. Then KG(λ)C affords a simple ŝl
⊕r
p -module isomorphic to
L(λ[1]) ⊗ · · · ⊗ L(λ[r]) with the Chevalley generators of the kth summand of ŝl
⊕r
p acting
as eλ
i,χk
and fλ
i,χk
(i ∈ I), for 1 ≤ k ≤ r.
Moreover,
∐
n≥0 Irr(H
λ
n(G)-mod) (and respectively, the modular branching graph given
by Theorem 4.11) is isomorphic to the crystal basis B(λ[1])⊗· · ·⊗B(λ[r]) (and respectively,
the corresponding crystal graph) for the simple Uq(ŝl
⊕r
p )-module L(λ[1]) ⊗ · · · ⊗ L(λ[r]).
Remark 5.17. By Remark 5.6, HΛ0n (G)
∼= FGn. Observe that Λ0[k] = Λ0, the 0th funda-
mental weight of ŝlp for all 1 ≤ k ≤ r. By Theorem 5.16,
⊕
nC⊗Z K(FGn-mod) affords
a simple ŝl
⊕r
p -module isomorphic to L(Λ0) ⊗ · · · ⊗ L(Λ0) (compare with Corollary 2.2).
Actually, such a statement holds without any assumption on p if we replace FGn-mod
above by FGn-mod
s (defined similarly as Hn(G)-mod
s), and the modular branching rule
for FGn in Proposition 4.12 can be interpreted as the crystal graph B(Λ0)⊗ · · · ⊗B(Λ0).
Remark 5.18. The case p = 0 can be treated similarly with somewhat more complicated
notations, and so we will be sketchy. An analogue of Theorem 5.12 holds with suitably
modified algebra Aλn,r. The modification can be easily made precise by an examination of
the proof of Theorem 5.12: the annihilation ideal of Hnk (corresponding to the kth tensor
factor of Aλn,r) is generated by
∏
i∈I(y1 − i/ck)
λi . Note that all i/ck are not necessarily
integers, and so some kth tensor factor of Aλn,r is possibly a non-integral cyclotomic
(quotient) Hecke algebra Nnk of Hnk . For each such k, dividing {i/ck | i ∈ Z} into
congruence classes modulo Z leads to a decomposition of Nnk as a tensor product of
integral cyclotomic Hecke algebras correspond to these congruence classes. This will lead
to an analogous formulation of Theorem 5.16 via the infinite-rank affine algebra ŝl∞.
References
[Ar] S. Ariki, On the decomposition numbers of the Hecke algebra of G(m, 1, n), J. Math. Kyoto Univ.
36 (1996), 789–808.
[Br1] J. Brundan, Modular branching rules and the Mullineux map for Hecke algebras of type A, Proc.
London Math. Soc. 77 (1998), 551–581.
[Br2] J. Brundan, Centers of degenerate cyclotomic Hecke algebras and parabolic category O, preprint
2006, arXiv:math/0607717.
WREATH HECKE ALGEBRAS 23
[De] C. Deze´le´e, Generalized graded Hecke algebra for complex reflection group of type G(r, 1, n),
arXiv:math.RT/0605410v2.
[Dr] V. Drinfeld, Degenerate affine Hecke algebras and Yangians, Functional Anal. Appl. 20 (1986),
62–64.
[Gro] I. Grojnowski, Affine bslp controls the modular representation theory of the symmetric group and
related Hecke algebras, math.RT/9907129, 1999.
[GV] I. Grojnowski and M. Vazirani, Strong multiplicity one theorems for affine Hecke algebras of type
A, Transform. Groups 6 (2001), 143–155.
[Ja] N. Jacobson, Basic Algebra II, Second edition, W.H. Freeman, 1989.
[JK] G. James and A. Kerber, The Representation Theory of the Symmetric Groups, Addison-Wesley,
London, 1980.
[Ju] A. Jucys, Symmetric polynomials and the center of the symmetric group rings, Rep. Math. Phys.
5 (1974), 107–112.
[K1] A. Kleshchev, Branching rules for modular representations of symmetric groups II, J. Reine Angew.
Math 459 (1995), 163–212.
[K2] A. Kleshchev, Linear and Projective Representations of Symmetric Groups, Cambridge University
Press, 2005.
[LLT] A. Lascoux, B. Leclerc, and J.Y. Thibon, Hecke algebras at roots of unity and crystal bases of
quantum affine algebras, Comm. Math. Phys. 181 (1966), 205–263.
[Lus] G. Lusztig, Affine Hecke algebras and their graded version, J. Amer. Math. Soc. 2 (1989), 599–635.
[Mac] I.G. Macdonald, Symmetric functions and Hall polynomials, Second edition, Clarendon Press,
Oxford, 1995.
[Mu] G. Murphy, A new construction of Young’s seminormal representation of the symmetric group, J.
Algebra 69 (1981), 287–291.
[OV] A. Okounkov and A. Vershik, A new approach to representation theory of symmetric groups, Selecta
Math. (N.S) 2 (1996), 581–605.
[Pu] I. Pushkarev, On the representation theory of wreath products of finite groups and symmetric
groups, J. Math. Sci. 96 (1999), 3590–3599.
[RS] A. Ram and A. Shepler, Classification of graded Hecke algebras for complex reflection groups,
Comment. Math. Helv. 78 (2003), 308–334.
[Wan] J. Wan, Wreath Hecke algebras and centralizer construction for wreath products, preprint (2008).
[W1] W. Wang, Equivariant K-theory, wreath products and Heisenberg algebra, Duke Math. J. 103
(2000), 1–23.
[W2] W. Wang, Vertex algebras and the class algebras of wreath products, Proc. London Math. Soc. 88
(2004), 381–404.
[Ze] A. Zelevinsky, Representations of Finite Classical Groups. A Hopf algebra approach, Lecture Notes
in Math. 869, Springer-Verlag, Berlin, 1981.
Department of Mathematics, University of Virginia, Charlottesville,VA 22904, USA.
E-mail address: jw5ar@virginia.edu (Wan), ww9c@virginia.edu (Wang)
